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Abstract
LetA be an exact C-algebra, let G be a locally compact group, and let ðA; G; aÞ be a C-
dynamical system. Each automorphism ag induces a spatial automorphism Adlg on the
reduced crossed product Aa G: In this paper we examine the question, ﬁrst raised by
E. St^rmer, of when the topological entropies of ag and Adlg coincide. This had been answered
by N. Brown for the particular case of discrete abelian groups. Using different methods, we
extend his result to preservation of entropy for ag when the subgroup of AutðGÞ generated by
the corresponding inner automorphism Adg has compact closure. This property is satisﬁed by
all elements of a wide class of groups called locally ½FIA: This class includes all abelian
groups, both discrete and continuous, as well as all compact groups.
r 2003 Elsevier Science (USA). All rights reserved.
1. Introduction
In [22], Voiculescu introduced the topological entropy htðaÞ of an automorphism a
of a nuclear C-algebra, generalizing the classical notion for abelian C-algebras.
The deﬁnition, which we recall in Section 2, was based on the theorem of Choi and
Effros, [2], which characterized nuclear C-algebras as those which admit
approximate point norm completely positive factorizations of the identity map
through matrix algebras. Brown observed in [1] that the deﬁnition could be extended
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to exact C-algebrasA; by allowing the completely positive approximations to have
range in any containing BðHÞ rather than A itself. This was based on two results.
Wassermann, [23], had shown that the existence of such factorizations implies
exactness and subsequently Kirchberg, [6], proved that this property characterizes
exact C-algebras. Any automorphism a ofA induces an action of Z onA; and then
a is implemented by an inner automorphism Adu on the crossed productAa Z: In
[20], St^rmer had posed the question of whether passing to the crossed product
preserves the entropy, the point being to replace an arbitrary automorphism by an
inner one which would be more amenable to analysis. Brown, [1], answered this
positively for exact C-algebras. Since exactness is preserved by crossed products of
amenable groups, [5], St^rmer’s question is relevant and interesting in this wider
context. In this paper we show that an afﬁrmative answer can be given for a large
class of locally compact amenable groups.
Brown’s approach, stated for Z but valid for any discrete abelian group, was based
on work in [17], where completely positive factorizations ofA throughAa G were
constructed for discrete groups. We do not know whether such factorizations exist
beyond the discrete case, but we were able to ﬁnd completely contractive
factorizations of A through Aa G for general locally compact groups, [10]. In
order to make use of this result, we have been led to introduce a new entropy ht0ðaÞ
for an automorphism a involving complete contractions rather than completely
positive maps. The ﬁrst goal of the paper is to show that ht0ðaÞ ¼ htðaÞ (see Theorem
3.7), and then the point of deﬁning ht0ðaÞ is to have an equivalent formulation of
htðaÞ which is more suited to our context. The proof of equality of these two
entropies relies, in part, on techniques from [18].
The second section reviews some background material and the third discusses our
new deﬁnition of entropy. The results of Section 5 ultimately depend on non-abelian
duality as developed in [4,21], and we state a modiﬁed version of the Imai–Takai
duality theorem in Theorem 4.1, essentially due to Quigg, [16], in order to obtain
extra information not available from [4]. Section 4 also shows how entropy changes
as automorphisms are lifted fromA to the crossed productAa G and then to the
double crossed product ðAa GÞ #a G; using the theory of coactions.
When A ¼ C; the action is trivial and we have htðagÞ ¼ 0: The crossed product
becomes Cr ðGÞ and lg is the lifting of the corresponding inner automorphism of G to
this C-algebra. If entropy is to be preserved, then these automorphisms of Cr ðGÞ
must have zero entropy. This is clearly true for abelian groups where the set of inner
automorphisms reduces to a single point. A natural extension of this case is to
impose a compactness requirement on the closure in AutðGÞ of the subgroup
generated by the inner automorphism Adg for a single group element gAG: This
leads us to consider some classes of groups which are standard in the literature, [11].
Our results are proved in the context of [SIN] groups and ½FIA groups (see [11] for
a detailed survey of classes of locally compact groups). The ﬁrst class is deﬁned by
the property of having small invariant neighborhoods of the identity element e under
the inner automorphisms, while the second class requires the closure of the set of
inner automorphisms to be compact in AutðGÞ for its natural topology (see [15] for a
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nice characterization of this). Groups in the second class are amenable and both
classes contain all abelian and all compact groups. In fact our results are valid for a
much larger class of groups which are amenable and satisfy a condition which we call
locally ½FIA: The deﬁnition only requires that the closure of the group generated
by a single but arbitrary inner automorphism should be compact in AutðGÞ: These
matters are discussed in Section 5 which contains our main results.
Throughout the paper we restrict C-algebras to be exact since, as pointed out by
Brown, [1], topological entropy only makes sense for this class. However, an
exactness hypothesis is only necessary in Section 2, Theorems 3.5 and 3.7, and
Section 5. All other results are valid in general.
2. Preliminaries
In this section we give a brief review of crossed products and entropy of
automorphisms. We will recall the completely contractive factorization property
(CCFP) from [10], and deﬁne a covariant version (CCCFP) which will be useful
subsequently. We will also introduce a new version of topological entropy, using
completely contractive maps rather than completely positive ones. We will show that
this version coincides with the standard deﬁnition, and the point is to obtain a more
ﬂexible situation in which to work.
Let G be a locally compact group, let A be a C-algebra, and let a :G-AutðAÞ
be a homomorphism such that the map t/atðaÞ is norm continuous on G for each
aAA: Then the triple ðA; G; aÞ is called a C-dynamical system. The reduced crossed
Aa;r G is constructed by taking a faithful representation p :A-BðHÞ and then
deﬁning a new representation *p :A-BðL2ðG; HÞÞ by
ð *pðaÞxÞðtÞ ¼ at1ðaÞðxðtÞÞ; aAA; xAL2ðG; HÞ: ð2:1Þ
There is an associated unitary representation of the group given by
ðlsxÞðtÞ ¼ xðs1tÞ; sAG; xAL2ðG; HÞ; ð2:2Þ
and in this representation the action a is spatially implemented, as can be seen from
the easily established equation
ls *pðaÞls1 ¼ *pðasðaÞÞ; aAA; sAG: ð2:3Þ
The norm closed span of operators on L2ðG; HÞ of the formZ
G
f ðsÞ *pðaÞls ds; aAA; fACcðGÞ; ð2:4Þ
for a ﬁxed left Haar measure ds; is a C-algebra called the reduced crossed product.
There is also a full crossed product, denoted Aa G; which will not appear here.
The groups considered will eventually be amenable, where the two notions coincide.
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For this reason we will abuse the standard notation and write Aa G for the
reduced crossed product throughout. The construction is independent of the
representation p; and so we may carry it out twice, if necessary, so that we may
always assume that the action is spatially implemented by a unitary representation
of G:
Let A and B be two C-algebras. If there exist nets of complete contractions
A!Sl B!Tl A ð2:5Þ
so that
lim
l
jjTlðSlðaÞÞ  ajj ¼ 0; aAA; ð2:6Þ
then we say that the pair ðA;BÞ has the CCFP, [10]. We will also be considering a
pair of automorphisms a and b of A and B; respectively. If the above nets can be
chosen to satisfy the additional requirement that
Sla ¼ bSl; Tlb ¼ aTl; ð2:7Þ
then the pair ðA; aÞ; ðB; bÞ is said to have the covariant CCFP (CCCFP).
In [22], Voiculescu introduced the notion of topological entropy for an
automorphism of a nuclear C-algebra, and this was extended by Brown to the
case of an exact C-algebra, [1]. We assume that A is concretely represented on a
Hilbert space H; and we ﬁx an automorphism a of A: Given a ﬁnite subset oDA
and d40; rccðo; dÞ denotes the smallest integer m for which complete contractions
A!f Mm !c BðHÞ ð2:8Þ
can be found to satisfy
jjcðfðaÞÞ  ajjod; aAo: ð2:9Þ
We then deﬁne successively
ht0ða;o; dÞ ¼ lim sup
n-N
1
n
log rcc
[n1
i¼0
aiðoÞ; d
 ! !
; ð2:10Þ
ht0ða;oÞ ¼ sup
d40
ht0ða;o; dÞ; ð2:11Þ
ht0ðaÞ ¼ sup
o
ht0ða;oÞ: ð2:12Þ
This last quantity is our version of the topological entropy htðaÞ of a; originally
deﬁned as above using completely positive contractions throughout. The term rccðÞ
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(derived from completely contractive rank) replaces the completely positive rank
rcpðÞ: Since positivity of maps is a more stringent requirement, the entropy arising
from the completely contractive framework is immediately seen to satisfy
ht0ðaÞphtðaÞ: ð2:13Þ
We will prove equality in the next section, so ht0ðaÞ is a temporary notation soon to
be replaced by htðaÞ: When confusion might arise, we will use the notation htAðaÞ to
indicate the algebra on which a acts. If aAAutðAÞ and B is an a-invariant C-
subalgebra, it may be the case that htAðaÞahtBðaÞ:
The following lemmas will be useful subsequently in comparing the entropies of
two automorphisms.
Lemma 2.1. Let a and b be automorphisms of exact C-algebras A and B;
respectively.
(i) Suppose that, given an arbitrary finite subset oDA and d40; there exist a finite
subset o0DB and d040 so that
ht0Aða;o; dÞpht0Bðb;o0; d0Þ: ð2:14Þ
Then ht0AðaÞpht0BðbÞ:
(ii) Suppose that there exists a function g : ð0;NÞ-ð0;NÞ satisfying limd-0 gðdÞ ¼
0; and suppose that, given an arbitrary finite subset oDA and d40; there exists a
finite subset o0DB such that
ht0Aða;o; gðdÞÞpht0Bðb;o0; dÞ: ð2:15Þ
Then ht0AðaÞpht0BðbÞ:
Proof. These are simple consequences of the deﬁnitions, after observing that
ht0ða;o; dÞ is a monotonically decreasing function of d for ﬁxed a and o: &
Lemma 2.2. Let a and b be, respectively, automorphisms of the exact C-algebras
ADBðHÞ and BDBðKÞ; and suppose that the pair ðA; aÞ; ðB; bÞ has the CCCFP.
Then ht0AðaÞpht0BðbÞ:
Proof. Let
A!Sl B!Tl A ð2:16Þ
be nets of complete contractions satisfying (2.7). Fix a ﬁnite subset oDA; and d40:
Choose l so that
jjTlðSlðaÞÞ  ajjod; aAo; ð2:17Þ
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and let o0 ¼ SlðoÞDB: For each integer n; let rn be rccð
Sn1
i¼0 b
iðo0Þ; dÞ: Then, by
deﬁnition, there exist complete contractions
B!fn Mrn !
cn
BðKÞ ð2:18Þ
such that
jjcnfnðbÞ  bjjod; bAbiðo0Þ; 0pipn  1: ð2:19Þ
By injectivity of BðHÞ; Tl has a completely contractive extension T˜l :BðKÞ-BðHÞ:
Consider the diagram
A!Sl B!fn Mrn !
cn
BðKÞ!T˜l BðHÞ: ð2:20Þ
If aAo then
SlaiðaÞ ¼ biðSlðaÞÞ; TlbiðSlðaÞÞ ¼ aiðTlðSlðaÞÞÞ; ð2:21Þ
and a simple approximation argument shows that rccðSn1i¼0 aiðoÞ; 2dÞprn: It follows
that
ht0ða;o; 2dÞpht0ðb;o0; dÞ: ð2:22Þ
The result follows from Lemma 2.1(ii) with gðdÞ ¼ 2d: &
3. Completely contractive topological entropy
The objective in this section is to show that the two entropies htðaÞ and ht0ðaÞ
coincide. This will be accomplished in two stages. The ﬁrst is to show preservation of
ht0ðÞ when lifting an automorphism from A to its unitization *A: The second is to
show equality for automorphisms of unital C-algebras. Throughout A is assumed
to be exact, and so *A is also exact, [6]. Various norm estimates and approximations
will be needed and so we begin with some technical lemmas. Many of the
complications stem from allowing A to be non-unital. These are unavoidable since
crossed products inevitably take us out of the category of unital C-algebras. Below,
Aþ1 denotes the positive part of the closed unit ball.
Lemma 3.1. Let a; pAAþ1 satisfy jja  apjjpC for some C40: If 0pbpa; then
jjb  bpjjp ﬃﬃﬃﬃCp :
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Proof. This follows from the inequality
0pð1 pÞb2ð1 pÞpð1 pÞbð1 pÞpð1 pÞað1 pÞpC1; ð3:1Þ
which gives jjbð1 pÞjj2pC: &
Lemma 3.2. If tABðHÞ satisfies
jj1þ eiytjjp1þ C; yAR; ð3:2Þ
for some constant C40; then jjtjjp2C:
Proof. If f is a state on BðHÞ; then
j1þ eiyfðtÞjp1þ C; yAR: ð3:3Þ
A suitable choice of y shows that jfðtÞjpC; so the numerical radius is at most C; and
the result follows. &
Lemma 3.3. Let f :A-BðHÞ be a complete contraction on a unital C-algebra, and
let t be the self-adjoint part of fð1Þ: Then there exists a completely positive contraction
c :A-BðHÞ such that
jjf cjjcbp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jj1 tjj
p
: ð3:4Þ
Proof. From the representation theorem for completely bounded maps, [13], there
exist a representation p :A-BðKÞ and contractions V1; V2 : H-K such that
fðxÞ ¼ V 1pðxÞV2; xAA: ð3:5Þ
Then
0pðV1  V2ÞðV1  V2Þ ¼V 1V1 þ V 2V2  V1V2  V2V1
p 2 2tp2jj1 tjj; ð3:6Þ
so jjV1  V2jjp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jj1 tjjp : If we deﬁne c to be V 1pðÞV1; then (3.4) is
immediate. &
Lemma 3.4. Let o be a subset of As:a:; let e40; and let
A!f Mn !c BðHÞ ð3:7Þ
be a diagram of complete contractions satisfying
jjcðfðxÞÞ  xjjoe; xAo: ð3:8Þ
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Then there exist self-adjoint complete contractions
A!
*f
M2n !
*c
BðHÞ ð3:9Þ
satisfying
jj *cð *fðxÞÞ  xjjoe; xAo: ð3:10Þ
Proof. Following the methods of Paulsen, [13], we deﬁne *f :A-M2n by
*fðaÞ ¼ 0 fðaÞ
fðaÞ 0
 !
; aAA; ð3:11Þ
which is a self-adjoint complete contraction. The map
x y
z w
 !
/
0 y
z 0
 !
; x; y; z; wAMn; ð3:12Þ
is a complete contraction and so *c :M2n-BðHÞ; deﬁned by
*c
x y
z w
 !
¼ ðcðyÞ þ cðzÞÞ=2; x; y; z; wAMn; ð3:13Þ
is a self-adjoint complete contraction. Then
*cð *fðaÞÞ ¼ ðcðfðaÞÞ þ cðfðaÞÞÞ=2; aAA; ð3:14Þ
and (3.10) follows for the self-adjoint elements xAo: &
We now show that entropy lifts from a C-algebra to its unitization.
Theorem 3.5. Let A be a non-unital C-algebra. If a is an automorphism of A; then
ht0AðaÞ ¼ ht0*Að*aÞ; where *a is the unique extension of a to the unitization *A:
Proof. If A is faithfully represented on a Hilbert space H; then so too is *A: The
inequality ht0AðaÞpht0*Að*aÞ is then trivial. To prove the reverse inequality, we may
restrict attention to a ﬁnite subset o of the positive open unit ball. The group fangnAZ
gives an action of Z on A; so the crossed product construction of the previous
section allows us to assume that a is spatially implemented. Thus we may regard *a as
an automorphism of BðHÞ; not just of *A:
Fix dAð0; 1Þ and choose aAAþ; jjajjo1; such that xpa for xAo; which is possible
since the positive part of the open unit ball of any C-algebra is upward ﬁltering, [9,
Example 3.1.1]. Deﬁne fd : ½0; 1-½0; 1 by fdðtÞ ¼ t=d for tA½0; d; and fdðtÞ ¼ 1
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elsewhere. Let f ¼ fdðaÞAA; and let pABðHÞ be the spectral projection of a for the
interval ½d; 1: The relations
fp ¼ pf ¼ p; ap ¼ pa; jja  apjjpd ð3:15Þ
are immediate from the functional calculus. Now enlarge o by deﬁning o0 ¼
o,ff ; ag; and ﬁx an integer N: Then let n denote rccðSN1i¼0 aiðo0Þ; dÞ: By deﬁnition,
there exist complete contractions
A!f Mn !c BðHÞ ð3:16Þ
such that
jjcðfðxÞÞ  xjjod; xA
[N1
i¼0
aiðo0Þ: ð3:17Þ
By Lemma 3.4, we may assume that f and c are self-adjoint. Here we may ignore the
doubling of dimension which does not affect the entropy. By injectivity of Mn; we
may extend f to a self-adjoint complete contraction on *A which we also denote by
f: Then t ¼ cðfð1ÞÞABðHÞ is self-adjoint, so we may deﬁne q to be its spectral
projection for the interval ½1 2d1=2; 1: The functional calculus gives
1 tX2d1=2ð1 qÞ: ð3:18Þ
Since jj1 2f jjp1; it follows that jjt  2cðfð f ÞÞjjp1; and thus
jjt  2f jjpjjcðfð1 2f ÞÞjj þ 2jjcðfð f ÞÞ  f jjp1þ 2d: ð3:19Þ
In particular,
2f  t  1p2d; ð3:20Þ
so we may multiply on both sides by p to reach
p  ptpp2dp; ð3:21Þ
using (3.15). Then, from (3.18) and (3.21),
2dpXpð1 tÞpX2d1=2pð1 qÞp; ð3:22Þ
from which it follows that jjpð1 qÞjjpd1=4: This yields the estimate
jja  aqjjp jja  apjj þ jjaðp  pqÞjj þ jjðap  aÞqjj
p 2dþ d1=4p3d1=4; ð3:23Þ
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using (3.15). By Lemma 3.1 and (3.23), if xAo then
jjx  qxqjjp jjx  qxjj þ jjqðx  xqÞjj
p 2jjx  xqjj
p 2jja  aqjj1=2
p 4d1=8: ð3:24Þ
By repeating this argument with aiðaÞ; aið f Þ and *aiðpÞ replacing, respectively, a;
f and p; we see that (3.24) also holds for xA
SN1
i¼0 a
iðoÞ:
SinceA is a closed ideal in *A; we may choose a state m on *A which annihilatesA:
Then deﬁne *f : *A-Mnþ1 by
*fðxÞ ¼ fðxÞ 0
0 mðxÞ
 !
; xA *A; ð3:25Þ
and deﬁne *c :Mnþ1-BðHÞ to be any completely contractive extension of the map
m 0
0 l
 !
/qcðmÞq þ lð1 qÞ; mAMn; lAC: ð3:26Þ
If xA
SN1
i¼0 a
iðoÞ; then (3.24) implies that
jj *cð *fðxÞÞ  xjjp4d1=8: ð3:27Þ
From (3.26)
*cð *fð1ÞÞ ¼ qtq þ 1 q; ð3:28Þ
so by the deﬁnition of q;
jj *cð *fð1ÞÞ  1jjp2d1=2: ð3:29Þ
Passage from Mn to Mnþ1 does not affect the entropy, and so we have proved that
ht0*Að*a; f1g,o; 4d1=8Þpht0Aða;o0; dÞ; ð3:30Þ
and the result follows from Lemma 2.1(ii) with gðdÞ ¼ 4d1=8: &
We now turn to the question of whether htðaÞ ¼ ht0ðaÞ:
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Proposition 3.6. Let A be a unital C-algebra and let o be a finite subset of A1
containing the identity. For dAð0; 1Þ;
rccðo; dÞXrcpðo; 12d1=8Þ: ð3:31Þ
Proof. Let n ¼ rccðo; dÞ and choose complete contractions
A!f Mn !c BðHÞ ð3:32Þ
so that
jjcðfðxÞÞ  xjjod; xAo: ð3:33Þ
By polar decomposition followed by diagonalization, there is a non-negative
diagonal matrix D and two unitaries so that
fð1Þ ¼ UDV : ð3:34Þ
By replacing f by UfðÞV  and c by cðU  VÞ; we may assume that fð1Þ ¼ D; and
it is clear that jjDjjAð1 d; 1: Let E be the projection onto the space spanned by
eigenvectors of D corresponding to eigenvalues in the interval ½1 d1=2; 1:
If XAð1 EÞMnð1 EÞ; jjX jjp1; then
jjD þ d1=2eiyX jjp1; yAR: ð3:35Þ
Apply c to obtain
jj1þ d1=2eiycðX ÞjjpjjcðD þ d1=2eiyX Þjj þ d; yAR; ð3:36Þ
and it follows from Lemma 3.2 that
jjcðXÞjjp2d1=2: ð3:37Þ
In particular,(3.37) is valid for 1 E and Dð1 EÞ: Since jjDE  Ejjpd1=2; we
obtain
jjcðDÞ  cðEÞjjp jjcðDE  EÞjj þ jjcðDð1 EÞÞjj
p 3d1=2; ð3:38Þ
from (3.37). Thus
jj1 cðEÞjjpdþ 3d1=2o4d1=2: ð3:39Þ
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Using (3.37) with X ¼ 1 E; this leads to
jj1 cð1Þjjo6d1=2: ð3:40Þ
By Lemma 3.3, there is a completely positive contraction c1 :Mn-BðHÞ so that
jjc c1jjcbo4d1=4: ð3:41Þ
From (3.37)
jjc1ð1 EÞjjo6d1=4: ð3:42Þ
Let VpðÞV be the Stinespring representation, [19], of c1: Then (3.42) implies the
inequality jjV ð1 EÞjjo61=2d1=8; so
jjc1ðð1 EÞXÞjjp61=2d1=8jjX jj; XAMn; ð3:43Þ
with a similar estimate for c1ðXð1 EÞÞ: Since
Y  EYE ¼ Y ð1 EÞ þ ð1 EÞYE; YAMn; ð3:44Þ
we obtain
jjc1ðYÞ  c1ðEYEÞjjp2  61=2d1=8jjY jj ð3:45Þ
from (3.43). Let m be the rank of E and identify EMnE with Mm: Then let
c2 :Mm-BðHÞ be the restriction of c1 to EMnE: Also deﬁne f1 : A-Mm by
f1ðÞ ¼ EfðÞE: Then jjf1ð1Þ  Ejjpd1=2; so by Lemma 3.3 there exists a completely
positive contraction f2 : A-Mn such that jjf1  f2jjcbp21=2d1=4: Putting together
the estimates, we obtain, for xAo;
jjx  c2ðf2ðxÞÞjjp jjx  c2f1ðxÞjj þ 21=2d1=4
¼ jjx  c1ðEfðxÞEÞjj þ 21=2d1=4
p jjx  c1ðfðxÞÞjj þ 2  61=2d1=8 þ 2  61=2d1=8
p jjx  cðfðxÞÞjj þ ð4þ 21=2Þd1=4 þ 21=2d1=8
o 12d1=8; ð3:46Þ
using (3.45) and (3.33). This proves (3.31). &
This completes the technical results needed to prove the following.
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Theorem 3.7. Let a be an automorphism of A: Then
htðaÞ ¼ ht0ðaÞ: ð3:47Þ
Proof. If A is unital then the non-trivial inequality htðaÞpht0ðaÞ follows from
Proposition 3.6. If A is non-unital then we also use Theorem 3.5 to conclude that
ht0AðaÞ ¼ ht0*Að*aÞ ¼ ht *Að*aÞXhtAðaÞ; ð3:48Þ
proving the result. &
Remark 3.8. The idea for Proposition 3.6 comes from [18], where it appears in a
different context. Henceforth we will refer to entropy as htðaÞ; but use the deﬁnition
of ht0ðaÞ:
4. Duality
One of the most useful results in the theory of crossed products is the Imai–Takai
duality theorem, [4], which generalizes to locally compact group actions the Takai
duality theorem, [21], for abelian groups. This asserts the existence of a dual coaction
#a on Aa G so that
ðAa GÞ #a GEA#KðL2ðGÞÞ: ð4:1Þ
The new crossed product algebra ðAa GÞ #a G is formed by combining copies of
Aa G and C0ðGÞ acting on L2ðG; HÞ#L2ðGÞ: In this representation, the typical
generator
R
G
f ðsÞ *pðaÞls ds of the crossed product becomesZ
G
f ðsÞ *pðaÞls#ls ds; fACcðGÞ; aAA; ð4:2Þ
where ls is left translation on L
2ðGÞ (and rs will denote the corresponding right
regular representation). The algebra C0ðGÞ is represented on the second copy of
L2ðGÞ as multiplication operators. Then ðAa GÞ #a G is the norm closed span of
operators of the formZ
G
f ðsÞ *pðaÞls#MF ls ds; fACcðGÞ; FAC0ðGÞ; aAA: ð4:3Þ
In Theorem 4.1 we state a modiﬁed version of the Imai–Takai duality theorem,
essentially due to Quigg, [16]. This is in order to obtain information which is very
difﬁcult to extract from the original argument of [4]. We then give some
consequences to be used in Section 5.
In [10], the notation f  a (where fACcðGÞ and aAA) was used to denote
the function t/f ðtÞa in CcðG;AÞDL1ðG;AÞ: The crossed product is the
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C-completion of a representation *p l of L1ðG;AÞ; where
*p lð f  aÞ ¼
Z
G
f ðsÞ *pðaÞls ds: ð4:4Þ
Below we will simplify notation and use f  a when we really mean its image
*p lð f  aÞAAa G under a faithful representation. It should also be noted
that all maps considered throughout this section are well deﬁned (see for
example [10]).
Theorem 4.1. There exists an isomorphism
i : ðAa GÞ #a G-A#KðL2ðGÞÞ ð4:5Þ
which induces a covariant isomorphism between the two C-dynamical systems
ððAa GÞ #a G; Adlg#lgrg ; GÞ and ðA#KðL2ðGÞÞ; ag#Adlgrg ; GÞ:
Proof. This is a special case of [16, Theorem 3.1], with minor changes. The required
isomorphism is given by
ið *pðaÞls#MF lsÞ ¼ ð1#MF Þ *pðaÞls; ð4:6Þ
for any aAA; fACcðGÞ and FACcðGÞ: &
We now begin to construct complete contractions which are covariant with respect
to certain automorphims, and we note that they are variants of maps considered in
[10]. Below, DðÞ denotes the modular function on a group G:
Proposition 4.2. Let gAG satisfy DðgÞ ¼ 1 and fACcðGÞ be such that f ðtÞ ¼ f ðgtg1Þ
for all tAG: Define the map Sf :A-Aa G by Sf ðaÞ ¼
R
G
f ðsÞ *pðaÞls ds:
Then jjSf jjcbpjj f jj1 and the following diagram is commutative:
ð4:7Þ
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Proof. Fix an arbitrary element aAA: Then
lgSf ðaÞlg1 ¼
Z
G
f ðsÞlg *pðaÞlslg1 ds
¼
Z
G
f ðsÞ *pðagðaÞÞlgsg1 ds
¼
Z
G
f ðg1sgÞ *pðagðaÞÞls ds
¼Sf ðagðaÞÞ: ð4:8Þ
The inequality jjSf jjcbpjj f jj1 was proved in [10]. &
Proposition 4.3. Let gAG satisfy DðgÞ ¼ 1 and suppose that ZAL2ðGÞ is such that
jjZjj2 ¼ 1 and Zðgtg1Þ ¼ ZðtÞ for almost all tAG: Define TZ to be the right slice map by
oZ on BðL2ðG; HÞÞ; restricted to Aa G: Then jjTZjjcb ¼ 1 and the following diagram
is commutative:
ð4:9Þ
Proof. Let aAA and fACcðGÞ: Then
TZð f  aÞ ¼
Z
G
Ff ;ZðtÞat1ðaÞ dt; ð4:10Þ
where Ff ;ZACcðGÞ is deﬁned by
Ff ;ZðtÞ ¼
Z
G
f ðsÞZðs1tÞZðtÞ ds: ð4:11Þ
Then
agðTZð f  aÞÞ ¼
Z
G
Ff ;ZðtÞagt1ðaÞ dt: ð4:12Þ
On the other hand, deﬁne a function hACcðGÞ by hðtÞ ¼ f ðg1tgÞ for all tAG: Then
lgð f  aÞlg1 ¼
Z
G
f ðsÞ *pðagðaÞÞlgsg1 ds
¼
Z
G
hðsÞ *pðagðaÞÞls ds
¼ h  agðaÞ: ð4:13Þ
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Furthermore,
TZðh  agðaÞÞ ¼
Z
G
Fh;ZðtÞat1gðaÞ dt
¼
Z
G
Fh;Zðgtg1Þagt1ðaÞ dt; ð4:14Þ
where Fh;Z is deﬁned as before. To conclude the proof it only remains to show that,
for any tAG; Fh;Zðgtg1Þ ¼ Ff ;ZðtÞ: Indeed,
Fh;Zðgtg1Þ ¼
Z
G
hðsÞZðs1gtg1ÞZðgtg1Þ ds
¼
Z
G
f ðg1sgÞZðg1s1gtÞZðtÞ ds
¼
Z
G
f ðsÞZðs1tÞZðtÞ ds
¼Ff ;ZðtÞ; ð4:15Þ
as required. &
Proposition 4.4. Let gAG: Let FAC0ðGÞ be such that, for any tAG; Fðgtg1Þ ¼ FðtÞ:
Define the map SF :Aa G-ðAa GÞ #a G by
SF ð f  aÞ ¼
Z
G
f ðsÞ *pðaÞls#MF ls ds ð4:16Þ
for all fACcðGÞ and aAA: Then jjSF jjcbpjjF jjN and the following diagram is
commutative:
ð4:17Þ
Proof. Fix elements aAA and fACcðGÞ: Then
SF ðlgð f  aÞlg1Þ ¼
Z
G
f ðsÞ *pðagðaÞÞlgsg1#MF lgsg1 ds: ð4:18Þ
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On the other hand,
Adlg#lgrgðSF ð f  aÞÞ ¼
Z
G
f ðsÞ *pðagðaÞÞlgsg1#lgrgMF lsrg1 lg1 ds
¼
Z
G
f ðsÞ *pðagðaÞÞlgsg1#MF lgsg1 ds; ð4:19Þ
so these equations prove commutativity of the diagram. &
Proposition 4.5. Let gAG be such that DðgÞ ¼ 1: Let ZAL2ðGÞ; jjZjj2 ¼ 1 be such that,
for almost all tAG; Zðgtg1Þ ¼ ZðtÞ: Let TZ : ðAa GÞ #a G-Aa G be the
restriction of the right slice map by oZ: Then jjTZjjcb ¼ 1 and the following diagram
is commutative:
ð4:20Þ
Proof. For simplicity put T ¼ TZ: Let
y ¼
Z
G
f ðsÞ *pðaÞls#MF ls ds ð4:21Þ
be an element of ðAa GÞ #a G; where f ; FACcðGÞ: Then
lgTðyÞlg1 ¼
Z
G
f ðsÞoZðMF lsÞ *pðagðaÞÞlgsg1 ds
¼
Z
G
f ðg1sgÞoZðMF lg1sgÞ *pðagðaÞÞls ds: ð4:22Þ
On the other hand let F˜ACcðGÞ be deﬁned by F˜ðtÞ ¼ Fðg1tgÞ for all tAG: Since
lgrgMF lsrg1 lg1 ¼ MF˜lgsg1 ; we also have
ðlg#lgrgÞyðlg1#rg1 lg1Þ ¼
Z
G
f ðsÞ *pðagðaÞÞlgsg1#MF˜lgsg1 ds
¼
Z
G
f ðg1sgÞ *pðagðaÞÞls#MF˜ls ds: ð4:23Þ
Therefore,
TðAdlg#lgrgðyÞÞ ¼
Z
G
f ðg1sgÞoZðMF˜lsÞ *pðagðaÞÞls ds: ð4:24Þ
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It remains to observe that, for any sAG;
oZðMF˜lsÞ ¼ oZðMF lg1sgÞ: ð4:25Þ
Indeed,
oZðMF lg1sgÞ ¼
Z
G
ðMF lg1sgZÞðrÞZðrÞ dr
¼
Z
G
FðrÞZðg1s1grÞZðrÞ dr
¼
Z
G
FðrÞZðs1grg1ÞZðgrg1Þ dr
¼
Z
G
Fðg1rgÞZðs1rÞZðrÞ dr
¼oZðMF˜lsÞ; ð4:26Þ
completing the proof. &
5. Main results
In this section we will use our preceding results to compare the entropies of
various automorphisms. Given a subgroup H of continuous automorphisms of G; a
function f on G is H-invariant if, for all fAH; f ðfðxÞÞ ¼ f ðxÞ everywhere or almost
everywhere, as appropriate. If H is generated by Adg for some ﬁxed gAG; then we
may also use the terminology g-invariant. In the case when H is the closure of the
inner automorphisms, we will just say that f is invariant. A set N is called g-invariant
if gNg1 ¼ N:
Lemma 5.1. Let G be a locally compact group and let g be a fixed element of G:
(i) If the group has a basis of compact g-invariant neighborhoods of e; then DðgÞ ¼ 1;
(ii) If the closed subgroup of AutðGÞ generated by the inner automorphism Adg is
compact, then there is a basis of compact g-invariant neighborhoods of e:
Proof. Any compact invariant neighborhood N satisﬁes gNg1 ¼ N; from which the
equality DðgÞ ¼ 1 follows. To prove the second part, consider gAG and let H be the
closed subgroup of AutðGÞ generated by Adg; which is compact by hypothesis. It
follows from [3, Theorem 4.1] that G has small H-invariant neighborhoods of the
identity, as required. &
Recall that a group is said to be ½SIN if there is a basis of compact invariant
neighborhoods of e: Such groups are unimodular, [7]. If, for each gAG; a basis of g-
invariant neighborhoods can be found, then we say that G is locally [SIN]. It is then
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clear that the following theorem applies to both classes of groups, while being more
general.
Theorem 5.2. Let gAG be a fixed element for which the identity has a basis of compact
g-invariant neighborhoods. Then
htAðagÞphtAaGðAdlgÞ: ð5:1Þ
Proof. We prove that the pair ðA; agÞ; ðAa G; AdlgÞ satisﬁes the CCCFP of
Section 2. Given e40 and o ¼ fa1; a2;y; angDA1; choose N to be a compact
symmetric g-invariant neighborhood of e on which
jjat1ðaiÞ  aijjpe=2; 1pipn: ð5:2Þ
Let Z be the characteristic function of N; normalized in the L2-norm. Clearly Z is
g-invariant. Choose N1DN a compact symmetric g-invariant neighborhood of e
such that Z
G
ZðtÞZðs1tÞ dt41 e=2; sAN1:
Pick fACcðGÞ to be a positive, g-invariant function supported on N1 (as in [7], this
can be achieved by choosing N2 to be a compact neighborhood of e such that
N2  N2DN1 and then letting f ¼ wN2  *wN2Þ: Upon normalizing f in the L1 norm, we
may assume that jj f jj1 ¼ 1: Let
hðtÞ ¼ ZðtÞ
Z
G
f ðsÞZðs1tÞ ds; tAG: ð5:3Þ
Clearly,
1X
Z
G
hðtÞ dt ¼
Z
N1
f ðsÞ
Z
G
ZðtÞZðs1tÞ dt dsXð1 e=2Þ
Z
G
f ðsÞ ds ¼ 1 e=2: ð5:4Þ
Consider now the complete contractions Sf and TZ; introduced in Propositions 4.2
and 4.3 (see also [10]). A simple calculation gives
TZSf ðaÞ  a ¼
Z
N
hðtÞðat1ðaÞ  aÞ dt þ
Z
G
hðtÞ dt  1
	 

a: ð5:5Þ
But then, for i ¼ 1; 2;y; n;
jjTZSf ðaiÞ  aijjpe=2þ e=2 ¼ e; ð5:6Þ
using (5.2), (5.4), and the assumption jjaijjp1: By Lemma 5.1, DðgÞ ¼ 1; and so the
theorem now follows by combining Propositions 4.2 and 4.3. &
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We are now able to state and prove the main result of this paper.
Recall from Section 1 that the class of locally ½FIA groups in the next
result is deﬁned by the requirement that the group of automorphisms generated
by a ﬁxed but arbitrary inner automorphism should have compact closure in
AutðGÞ:
Theorem 5.3. Let G be an amenable group and let gAG be such that the closure of the
group generated by Adg in AutðGÞ is compact. Then
htAaGðAdlgÞ ¼ htAðagÞ: ð5:7Þ
In particular, equality holds for all elements of an amenable locally ½FIA group G:
Proof. The inequality htAaGðAdlgÞXhtAðagÞ is an immediate consequence of the
preceding three results, and so we consider only the reverse. We will prove that the
pair ðAa G; AdlgÞ; ððAa GÞ #a G; Adlg#lgrgÞ has the CCCFP, which will imply
that
htAaGðAdlgÞphtðAaGÞ#aGðAdlg#lgrgÞ: ð5:8Þ
Using the version of the Imai–Takai duality theorem stated in Theorem 4.1 and basic
properties of the topological entropy from [1], we will obtain
htðAaGÞ#aGðAdlg#lgrgÞ ¼ htA#KðL2ðGÞÞðag#AdlgrgÞ
p htAðagÞ þ htKðL2ðGÞÞðAdlgrgÞ: ð5:9Þ
The result will then follow from the vanishing of the topological entropy of any
automorphism of the algebra of compact operators. This is folklore for which we
have no reference. However, it is simple to prove by applying the deﬁnition to ﬁnite
sets of rank one projections, whose span is norm dense in KðHÞ:
To prove that the pair ðAa G; AdlgÞ; ððAa GÞ #a G; Adlg#lgrgÞ satisﬁes the
CCCFP it is enough to consider ﬁnite sets of the form
o ¼ ff1  a1; f2  a2;y; fn  angDAa G; ð5:10Þ
where aiAA and fiACcðGÞ for 1pipn: Let K be a compact set containing the
supports of all functions fi; 1pipn: Fix e40; let
M ¼ max
1pipn
jj fijj1 jjaijj; ð5:11Þ
and deﬁne d to be e2=4M2:
Denote by H the closed subgroup of AutðGÞ generated by the inner automorphism
Adg: Since the set
ffðtÞ : tAK,K1;fAHg ð5:12Þ
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is compact, we may assume that K is H-invariant and K ¼ K1: By amenability
of G and using [14, Proposition 7.3.8], there exists fACcðGÞ; fX0; jj f jj1 ¼ 1;
such that
jjs f  f jj1od; sAK ; ð5:13Þ
where s f ðÞ is deﬁned by s f ðtÞ ¼ f ðs1tÞ: As in [8], deﬁne the function f #AL1ðGÞ by
f #ðtÞ ¼
Z
H
f ðfðtÞÞ df; tAG; ð5:14Þ
where df is normalized Haar measure on the compact abelian group H: Then
f #AC0ðGÞ; being a vector integral of elements of CcðGÞ over a compact group. Since
fX0;
jj f #jj1 ¼
Z
G
Z
H
f ðfðtÞÞ df dt
¼
Z
H
Z
G
f ðfðtÞÞ dt df ¼
Z
H
jj f jj1 df ¼ 1: ð5:15Þ
The last equality holds because any continuous automorphism f in the closure of the
inner automorphisms of a unimodular group preserves the Haar measure. Moreover,
by invariance of df;
f #ðgtg1Þ ¼ f #ðtÞ; tAG: ð5:16Þ
Also, for sAK ;
jjs f #  f #jj1 ¼
Z
G
Z
H
½ f ðfðs1ÞfðtÞÞ  f ðfðtÞÞ df

 dt
p
Z
H
Z
G
fðsÞf ðfðtÞÞ  f ðfðtÞÞ
  dt df
¼
Z
H
jjfðsÞf  f jj1 dfod; ð5:17Þ
since fðsÞAK : Let Z ¼
ﬃﬃﬃﬃﬃﬃ
f #
p
: Then jjZjj2 ¼ 1 and by [12, p. 126], for any sAK
jjsZ Zjj2pjjs f #  f #jj1=21 o
ﬃﬃﬃ
d
p
: ð5:18Þ
It follows that, for any sAK ;
1
ﬃﬃﬃ
d
p
o
Z
G
Zðs1tÞZðtÞ dtp1; ð5:19Þ
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using the Cauchy–Schwarz inequality and the preceding estimate. Now choose LDG
to be a large H-invariant compact set such thatZ
L
ðZðtÞÞ2 dt41
ﬃﬃﬃ
d
p
: ð5:20Þ
Then there exists an H-invariant function FAC0ðGÞ such that F jL ¼ 1 and 0pFp1
(as before, choose F1AC0ðGÞ; F1jL ¼ 1; 0pF1p1 and let F ¼ F#1 ).
To summarize, we have found a positive g-invariant function FAC0ðGÞ and a g-
invariant unit vector ZAL2ðGÞ such that
1X
Z
G
FðtÞZðs1tÞZðtÞ dt41 2
ﬃﬃﬃ
d
p
; sAK : ð5:21Þ
Deﬁne the maps SF and TZ as in Propositions 4.4 and 4.5, respectively. Then, for any
aAA and fACcðGÞ;
TZSF ð f  aÞ  f  a ¼
Z
G
ðhðsÞ  1Þf ðsÞ *pðaÞls ds; ð5:22Þ
where h is deﬁned by
hðsÞ ¼
Z
G
FðtÞZðs1tÞZðtÞ dt: ð5:23Þ
In particular, for any 1pipn;
jjTZSF ð fi  aiÞ  fi  aijjp2
ﬃﬃﬃ
d
p
M ¼ e; ð5:24Þ
using estimate (5.21), which is valid since each fi is supported in K : Since SF and TZ
satisfy the conditions of Propositions 4.4 and 4.5, respectively, the theorem is
proved. &
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